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Abstract

In this paper, blind source separation is discussed with more sources than mixtures. This blind separation technique

assumes a linear mixing model and involves two steps: (1) learning the mixing matrix for the observed data using the

sparse mixture model and (2) inferring the sources by solving a linear programming problem after the mixing matrix is

estimated. Through the experiments of the speech signals, we demonstrate the efficacy of this proposed approach.

� 2005 Elsevier B.V. All rights reserved.
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1. Introduction

Independent component analysis (ICA)

(Hyvärinen et al., 2001) is a technique that has
received a great deal of attention due to various
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applications in blind source separation, blind

deconvolution, feature extraction, and so on. The

goal of ICA is to recover independent sources

given only sensor observations that are unknown
linear mixtures of the unobserved independent

source signals (Amari et al., 1996; Bell and

Sejnowski, 1995; Cardoso and Laheld, 1996;

Comon, 1994; Hyvärinen, 1999; Lee et al., 1999a;

Murata et al., 2001, 2002; Shi et al., 2004a).
ed.
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The standard formulation of ICA requires at

least as many sensors as sources. Several research-

ers proposed various methods for the noise model

and the noise free model which generalized the

standard ICA. For the noise model, Lewicki and
Olshausen (1999) and Lewicki and Sejnowski

(2000) derived a gradient-based method for learn-

ing overcomplete representations of the data that

allowed for more basis vectors than dimensions

in the inputs where there was a requirement for

the assumption of a low level of noise. Lee et al.

(1999b) demonstrated that three speech signals

could be separated given only two mixtures of
the three signals using overcomplete representa-

tions. An expectation-maximization (EM) algo-

rithm for learning sparse and overcomplete data

representations was presented by Girolami

(2001). The proposed algorithm exploited a varia-

tional approximation to a range of heavy-tailed

distributions whose limit was the Laplacian. Based

on the EM algorithm, Zhong et al. (2004) pre-
sented a method for inferring the most probable

basis coefficients and learning the overcomplete

basis vectors. The conditional moments of the

intractable posterior distribution were estimated

by maximum a posteriori (MAP) estimation.

Zibulevsky and Pearlmutter (2001) and Zibulevsky

et al. (2001) suggested that the mixing matrix and

the sources were estimated by using maximum a
posteriori approach. The blind separation tech-

nique presented by Shi et al. (2004b) included

two steps. The first step was to estimate the mixing

matrix, and the second was to estimate the sources.

If the sources were sparse, the mixing matrix could

be estimated by using the generalized exponential

mixture model. After estimating the mixing ma-

trix, the sources could be obtained by using maxi-
mum a posteriori approach. For the noise free

model, the blind separation technique proposed

by Li et al. (2003) included two steps. The first step

was to estimate the mixing matrix, the second was

to estimate the sources. The mixing matrix was

estimated using K-means clustering algorithm.

In this paper, we consider the noise free model.

Motivated by these methods, we present a gradient
learning algorithm for the sparse mixture model

that is able to estimate the mixing matrix. After

the mixing matrix is estimated, the sources are esti-
mated by using a linear programming algorithm.

Experiments with speech signals demonstrate good

separation results.
2. Overcomplete representation and

sparse mixture model

In blind source separation a sensor signal

x = (x1, . . . ,xM)T 2 RM can be described using an

overcomplete basis by the following noise free lin-

ear model:

x ¼ As; ð1Þ
where the columns of the mixing matrix A 2 RM·L

(L > M) define the overcomplete basis vectors,

s = (s1, . . . , sL)
T 2 RL is the source signal (or the

representation of the sensor signal). The elements

of s are assumed mutually statistical independent.

This means that the joint probability distribution
of s is factorable, i.e., pðsÞ ¼

QL
l¼1pðslÞ, where

p represents the probability density function

(p.d.f.). In addition, each prior p(sl) is assumed

to be sparse typified by the Laplacian distribution

(Lewicki and Sejnowski, 2000). Sparsity means

that only a small number of the sl differ signifi-

cantly from zero. We aim to estimate the mixing

matrix A and the source signal s given only the ob-
served data x.

For a given mixing matrix A, the source signal

can be found by maximizing the posterior distribu-

tion p(sjx,A) (Lewicki and Sejnowski, 2000). This

can be solved by a standard linear program when

the prior is Laplacian (Chen et al., 1996; Lewicki

and Sejnowski, 2000; Li et al., 2003). Thus, we

can estimate the mixing matrix A first.
The phenomenon of data concentration along

the directions of the mixing matrix columns can

be used in clustering approaches to source separa-

tion (Zibulevsky et al., 2001). In a two-dimen-

sional space, the observations x were generated

by a linear mixture of three independent sparse

sources (the same three sources of nature speech

signals and mixing matrix as used in (Lee et al.,
1999b)), as shown in Fig. 1 (Left) (scatter plot of

two mixtures x1 versus x2). The three distinguished

directions, which correspond to the columns of the

mixing matrix A, are visible. In order to determine



Fig. 1. Basis vectors (the columns of the mixing matrix): Left: In a two-dimensional space, the observations x are generated by a linear

mixture of three independent sparse sources (scatter plot of two mixtures x1 versus x2). Right: After the learning algorithm converges,

the learned basis vectors (the long arrows) are close to the true basis vectors (the short arrows).
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orientations of data concentration, we project the

data points onto the surface of a unit sphere by

normalizing the sensor data vectors at every par-

ticular time index t: xt = xt/kxtk(xt = (x1(t),x2(t))
T,

t = 1, . . . ,T). Next, the data points were moved to

a half-sphere, e.g., by forcing the sign of the first
coordinate x1(t) to be positive (without this opera-

tion each �line� of data concentration would yield

two clusters on opposite sides of the sphere). For

each point xt, the data point at ¼ sin�1ðx2ðtÞÞ was
computed by the second coordinate x2(t). This is

a 1–1 mapping from Cartesian coordinates to po-

lar coordinates, because the data vectors are nor-

malized. Thus, the data a = {a1, . . . ,aT} also have
the centers of the three clusters corresponding to

the three distinguished directions for two mixtures.

The histogram of the data a is presented in Fig. 2

(Left). The coordinates of the centers of the three

clusters determine the columns of the estimated

mixing matrix A.

We can see that the density function of the data

a is formed from a linear combination of sparse
functions. We therefore write this model for den-

sity as a linear combination of component densi-

ties p(ajk) (i.e., the kth cluster density) in the form

pðaÞ ¼
XK
k¼1

pðajkÞpðkÞ; ð2Þ

where the coefficients p(k) are called the mixing

parameters. Such a model is called a mixture mod-
el. When the component densities p(ajk) are mod-
elled as Gaussian, it is called a Gaussian mixture

model. Here we consider that the component den-

sities p(ajk) are modelled as sparse densities, and

we call it the sparse mixture model. The sparse

density typified by the Laplacian distribution is

pðajkÞ / bk expð�bkja � bkjÞ; ð3Þ

where bk, bk are the parameters for the Laplacian

distribution. Fig. 2 (Right) shows a linear combi-

nation of three sparse densities typified by the

Laplacian distributions. The sparse mixture distri-

bution makes a good representation for the density

function generating the data a.
Thus, we should determine cluster centers of the

sparse mixture distribution using a specific algo-

rithm (i.e. estimate the cluster centers bk). Their

coordinates will determine the columns of the esti-

mated mixing matrix A.
3. A gradient learning algorithm for sparse
mixture model

We consider the n-dimensional sparse mixture

model in this section. Assume that the data

a = {a1, . . . ,aT} are drawn independently and gen-

erated by a sparse mixture model. The likelihood

of the data is given by the joint density

pðajHÞ ¼
YT
t¼1

pðatjHÞ.
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Fig. 2. Three sources and two mixtures: Left: The histogram of the data a. Right: A linear combination of three sparse densities

typified by the Laplacian distributions. It makes a good representation for the density function generating the data a.
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The mixture density is

pðatjHÞ ¼
XK
k¼1

pðatjhk; kÞpðkÞ;

where H = (h1, . . . ,hK) are the unknown parame-

ters for each p(atjhk,k). We assume that the com-

ponent densities p(atjhk,k) are modelled as sparse

densities typified by the n-dimensional Laplacian

distributions, i.e.

pðatjhk; kÞ / bn
k exp �bk

Xn
i¼1

jati � bki j
 !

;

where hk = {bk,bk} are the parameters for the

Laplacian distribution and bk 2 R, bk = (bk1, . . . ,
bkn)

T 2 Rn, at = (at1, . . . ,atn)
T 2 Rn. Our goal is to

infer the cluster centers bk from the data a =

{a1, . . . ,aT}. Then, the coordinates of the centers

of the clusters determine the columns of the esti-

mated mixing matrix A. We derive an iterative

learning algorithm which performs gradient ascent

on the total likelihood of the data as follows (see

Appendix A):

Dbk / pðkjat;HÞðbk tanhðcðat � bkÞÞÞ;

Dbk / pðkjat;HÞ n
bk

�
Xn
i¼1

jati � bki j
 !

;

where tanh(c(at � bk)) = (tanh(c(at1 � bk1)), . . . ,
tanh(c(atn � bkn)))

T, c is a large positive constant.
Thus we obtain the learning algorithm as

follows:

(i) Normalize the data vectors at every particu-

lar time index t: xt = xt/kxtk.
(ii) The data points are moved to a half-sphere.

(iii) For each point xt, the data point at is

obtained by computing the polar coordinates

of the data point xt (i.e. from n-dimensional

Cartesian coordinates to n � 1-dimensional

polar coordinates, because the data vectors
are normalized).

(iv) The learning algorithm for the sparse mix-

ture model is used for estimating the mixing

matrix (using the n � 1-dimensional sparse

mixture model, i.e. estimating the cluster

centers bk for a, and the coordinates of bk
determine the columns of the estimated

mixing matrix by transforming n � 1-dimen-
sional polar coordinates of bk to n-dimen-

sional Cartesian coordinates).

(v) After the mixing matrix is estimated, the lin-

ear programming algorithm (Lewicki and

Sejnowski, 2000; Li et al., 2003) is performed

for obtaining the sources.
4. Simulation examples

We considered separating three speech sources

from two mixtures. The observations x were gen-
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erated by a linear mixture of the three speech sig-

nals used in Section 2. Then we used the same

method in Section 2 to compute the data a =

{a1, . . . ,aT}. The learning algorithm for the sparse

mixture model in Appendix A was used for
estimating the mixing matrix (using the one-
A ¼
0.4755 �0.2939 0.7694 �0.2939 0.4755

0.3455 0.9045 0.5590 �0.9045 �0.3455

0.8090 0.3090 �0.3090 0.3090 �0.8090

0
B@

1
CA.
dimensional sparse mixture model, i.e. estimating

the three cluster centers bk for a, K = 3 here). The

parameters were randomly initialized and the

learning rates were set to be 0.0005 (typically

40–60 iterations). Fig. 1 (Right) shows the

learned basis vectors (the long arrows) and the

true basis vectors (the short arrows). After

the mixing matrix was estimated, we performed
the linear programming algorithm for obtain-

ing the sources. Three original signals, two mix-

tures, and three separated output signals are

shown in Fig. 3. From a subjective listening

point of view, the separation of the three nature

speech example was remarkable for the high

intelligibility of the recovered sentences, in spite

of some background noise and crosstalk. In
order to measure the accuracy of separation, we

normalized the original sources with ksjk2 = 1,

j = 1, 2, 3, and the estimated sources with

k~sjk2 ¼ 1; j ¼ 1; 2; 3. The error was computed

as

Error ¼ k~sj � sjk2.

For the noise free linear model, generally, if the

mixing matrix was known, the sources were esti-

mated by the linear programming algorithm

(Zibulevsky et al., 2001; Li et al., 2003). If the mix-

ing matrix was accuracy, we performed the linear

programming algorithm for obtaining the esti-
mated sources to aid comparison. The error of

the three estimated sources was 0.5402, 0.3780

and 0.3240, respectively. And the error of the three

estimated sources computed by our algorithm was

0.5407, 0.3788 and 0.3241, correspondingly.
Next, we considered the problem of separating

five speech sources from three mixtures. The five

speech signals (available at http://people.ac.upc.

es/pau/shpica/instant.html and http://www.cnl.

salk.edu/~tewon/Over) were mixed by a 3 · 5
matrix, such as
The sensor data vectors were normalized at every

particular time index t: xt = xt/kxtk, (xt = (x1(t),

x2(t), x3(t))
T, t = 1, . . . ,T). Next, the data points

were moved to a half-sphere: IF x3(t) < 0, THEN

xt = � xt. For each point xt, the data at = (a1(t),
a2(t))

T was computed from:

x3ðtÞ ¼ sinða1ðtÞÞ; x2ðtÞ ¼ cosða1ðtÞÞ sinða2ðtÞÞ;

x1ðtÞ ¼ cosða1ðtÞÞ cosða2ðtÞÞ.

The learning algorithm for the sparse mixture

model was used for estimating the mixing matrix

(using the two-dimensional sparse mixture model,
i.e. estimating the five cluster centers bk for a,
K = 5 here). The parameters were randomly initial-

ized and the learning rates were set to be 0.0005

(typically 60–80 iterations). After the mixing ma-

trix was estimated, we performed the linear pro-

gramming algorithm for obtaining the sources.

Fig. 4 shows the correlations between the esti-

mated sources and the true sources (scatter plots
of the estimated sources Si-esti versus the true

sources Si-true, i = 1,2,3,4,5). We can see that

the five recovered sources are nicely correlated

with one of the true sources and uncorrelated with

the remaining sources. For the goal of compari-

son, we performed the linear programming algo-

rithm for obtaining the estimated sources if the

mixing matrix was accuracy. The error of the five
estimated sources was 0.2419, 0.5100, 0.5185,

0.6263 and 0.6928, respectively. And the error of

the five estimated sources computed by our algo-

rithm was 0.3021, 0.6394, 0.6185, 0.6614 and

0.8570, correspondingly.

http://people.ac.upc.es/pau/shpica/instant.html
http://people.ac.upc.es/pau/shpica/instant.html
http://www.cnl.salk.edu/~tewon/Over
http://www.cnl.salk.edu/~tewon/Over


Fig. 4. Demonstration of the separation of five speech source signals from three mixtures. Scatter plots of the estimated sources Si-esti

versus the true sources Si-true, i = 1,2,3,4,5.
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Fig. 3. Three speech experiment: Two mixtures, three original signals and three recovered signals.
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5. Conclusions

In this paper we have presented a procedure for

the blind separation with more sources than mix-

tures. If the sources are sparse, the mixing matrix
can be estimated by using the sparse mixture

model. The sparse mixture model is a powerful

simple framework for modelling sparse distribu-

tion and provides a general method to learn the

mixing matrix for sparse sources. We derive an

iterative learning algorithm for the n-dimensional

sparse mixture model. The coordinates of the clus-

ter centers determine the columns of the estimated
mixing matrix. After the mixing matrix is esti-

mated, the sources are estimated by solving a lin-

ear programming problem. Several experiments

have been presented involving speech signals, with

good results, including the successful separation of

three sources from two mixtures and five sources

from three mixtures. Combining the sparse mixing

model with the frequency information (Bofill and
Zibulevsky, 2001; Li et al., 2003) and the exact

choice of the sparseness measure will be considered

in our future work.
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Appendix A

Derivation of a learning algorithm for sparse

mixture model

Assume that the data a = {a1, . . . ,aT} are drawn
independently and generated by a n-dimensional

sparse mixture model. We derive an iterative learn-

ing algorithm which performs gradient ascent on

the total likelihood of the data. The likelihood of
the data is given by the joint density

pðajHÞ ¼
YT
t¼1

pðatjHÞ. ðA:1Þ
The mixture density is

pðatjHÞ ¼
XK
k¼1

pðatjhk; kÞpðkÞ; ðA:2Þ

where H = (h1, . . . ,hK) are the unknown parame-
ters for each p(atjhk,k), and we aim to infer them

from the data a = {a1, . . . ,aT} (the number K is

known in advance). The log-likelihood L is then

L ¼
XT
t¼1

log pðatjHÞ ðA:3Þ

and using (A.2), the gradient for the parameters hk
is

rhk L ¼
XT
t¼1

1

pðatjHÞrhk pðatjHÞ

¼
XT
t¼1

rhk

PK
k¼1pðatjhk; kÞpðkÞ


 �
pðatjHÞ

¼
XT
t¼1

rhk pðatjhk; kÞpðkÞ
pðatjHÞ . ðA:4Þ

Using the Bayes�s rule, we obtain

pðkjat;HÞ ¼ pðatjhk; kÞpðkÞPK
k¼1pðatjhk; kÞpðkÞ

¼ pðatjhk; kÞpðkÞ
pðatjHÞ . ðA:5Þ

Substituting (A.5) in (A.4) leads to

rhk L ¼
XT
t¼1

pðkjat;HÞrhk pðatjhk; kÞpðkÞ
pðatjhk; kÞpðkÞ

¼
XT
t¼1

pðkjat;HÞrhk log pðatjhk; kÞ. ðA:6Þ

We assume that the component densities
p(atjhk,k) are modelled as sparse densities typified

by the n-dimensional Laplacian distributions,

i.e.,

pðatjhk; kÞ / bn
k exp �bk

Xn
i¼1

jati � bki j
 !

; ðA:7Þ

where hk = {bk,bk}, bk 2 R, bk = (bk1, . . . ,bkn)
T 2

Rn, at = (at1, . . . ,atn)
T 2 Rn. We adapt the cluster

centers bk with (A.6)
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rbkL ¼
XT
t¼1

pðkjat;HÞrbk log pðatjhk; kÞ. ðA:8Þ

We adapt the width parameter bk with (A.6)

rbk L ¼
XT
t¼1

pðkjat;HÞrbk log pðatjhk; kÞ. ðA:9Þ

The goal of the learning algorithm is to deter-

mine the cluster centers bk. For the centers bk we

find, making use of (A.7), we have

rbk logpðatjhk;kÞ¼rbk �bk

Xn
i¼1

jati �bki j
 !


 bk tanhðcðat�bkÞÞ; ðA:10Þ

where tanh(c(at � bk)) = (tanh(c(at1 � bk1)), . . . ,
tanh(c(atn � bkn)))

T, c is a large positive constant

(for details why one chooses the approximation,
see (Lewicki and Sejnowski, 2000)). Similarly, for

the width parameter bk, we obtain

rbk log pðatjhk; kÞ

¼ rbk n log bk � bk

Xn
i¼1

jati � bki j
 !

¼ n
bk

�
Xn
i¼1

jati � bki j. ðA:11Þ

From (A.8), (A.9), (A.10) and (A.11), we derive

a gradient ascent learning algorithm as follows:

Dbk / pðkjat;HÞðbk tanhðcðat � bkÞÞÞ; ðA:12Þ

Dbk / pðkjat;HÞ n
bk

�
Xn
i¼1

jati � bki j
 !

. ðA:13Þ

Practically, the parameters hk = {bk,bk} are ran-

domly initialized and the adaptation is stopped

once the log-likelihood function stabilizes asymp-

totically with increasing number of iterations.
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